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Abstract 
This paper gives a reduced formula for the precise number of matrices in 9.1(R, S), the class 
of matrices of zeros and ones with row and column sum vectors R and S, respectively. With 
the new formula, the computing time is greatly shortened. (~) 1998 Elsevier Science B.V. All 
rights reserved 
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1. Introduction 
A (0,1)-matrix is a matrix all of whose entries are O's and l 's .  Let A be a (0,1)- 
matrix of size m × n, let ri and sj be the sum of row i and column j of  A, respectively, 
i=  1 . . . . .  m, j=  1 . . . . .  n, and denote by R(A)=(r l  . . . . .  rm) and S(A)=(s l  . . . . .  sn) the 
row and column sum vectors of A, respectively. It is immediate that R(A) and S(A) 
are integral vectors and that 
rl + . ' .  + rm=sl  +""  + Sn. 
Let 92(R,S) designate the class of  all (0, 1)-matrices with the prescribed row sum 
vector R = (rl . . . .  ,rm) and column sum vector S --- (Sl . . . . .  sn). The research on 92(R,S), 
dating back to as early as 1957, has drawn much attention of combinatorists. 
There are two fundamental problems regarding the cardinality of  92(R,S): 
(1) When is 9~(R,S) non-empty? 
(2) What is the precise number of matrices in 9~(R,S)? 
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The answer to the first question is the remarkable result known as the Gale-Ryser 
Theorem, which states that 19.I(R,S)I/> 1 if and only if S is weakly majorized by the 
conjugate of R [1,3]. While the determination of the precise number of matrices in 
the class, as Ryser put twice in [4,5], is much more difficult, and "this number is 
undoubtedly an extremely intricate function of R and S". 
A lower bound when R=S=(k ,k ,  .... k) was witnessed in 1982 [8] 
(n!) k 
I~(R, S)l 1> (k~)-----~ 
The structure and the cardinality of a subset of 9~(R,S), the class of the normal 
(0,1 )-matrices with each row and column sum equal to 2, are thoroughly discussed [7]. 
In 1987, the first author gave a computable formula for the precise number of matri- 
ces in 9~(R,S) in terms of 2 n -  2n variables [6]. The purpose of this note is to reduce 
the number of the variables in the existing formula by one half. The new formula is 
superior to the existing one in computation. 
2. Lemmas and the existing formula 
As usual, Ix] stands for the greatest integer function, and mod(p,q) denotes the 
remainder function of integers p and q, i.e., 
mod(p ,q)=P-q[P ] .  
Let k be a positive integer, and let w(k) denote the number of l 's in the binary 
digits of nonnegative integer k -  1. The binary number of 13 is 1101, for instance, so 
w(14)--3. Function w(k) plays an important role in our formulas. 
Lemma 1. Let w( k ) be defined as above. Then 
(1) w(k)= ~i~>omod([(k- 1)/2i],2), 
(2) w(½(k + 1))=w(k), if k is odd, 
(3) w(½k)=w(k) -  1, if k is even. 
Proof. Let l be the integer such that 2t<~k<2 t+~ and let 
k - 1 =c121 + ci_12 t-1 + ... + Ci 2i -'[- ' ' '  -'[- C121 -'[- C020, 
where ci = 0 or 1. 
It is obvious that ci =- [~-!](mod 2). Therefore 
l 
w(k)= ~-~ci= Zmod( [~- ] ,2 ) .  
i=0 i~>0 
If k is an odd number, then co = 0, and 
½(k + 1) -  1 =ct2 i-I + ci_12 t-2 + ... + cl2 °, 
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it follows that w(½(k + 1)) -w(k). If k is an even number, then co = 1, and 
lk -  1 =cl2/-1 +ct_121-2 +. . -+c l2  °, 
thus w( ½ k ) = w( k ) - 1. [] 
The following result, borrowed from [2], will be used in the proof of Theorem 2. 
Lemma 2. Suppose that the symbols involved below are integers, then 
z (n /1 ) (  n2 )= (n l+n2)_  (n l+n2) .  
t>_-0', q t t+(q - t )  q 
It is immediate from Lemma 2 that (nl) (.)(n,++n,) 
tl +...+tk =q tl tk q 
ti >10 
The following theorem is the computable formula presented in [6].
Theorem 1. Let R=(r l , . . . , rm) and S=(Sl  ..... s,) 
~t%lrt=~=lSj, with each rt<<.n, let pi=l{rt: 
q j=s j -  Pn, j :  l . . ... n -1 .  Then 
n--1 2 j-I / ) 
t (R,s)t= Z 17 II n0k , 
t(ik>~Oi,j=l k=l \ mijk 
where nijk and mijk are functions of Pi, 
recurrence formulas: 
be integral vectors satisfying 
rt=i}[, i--0,1 ..... n, and let 
(1) 
qj and tijk determined by the following 
nill=pi, 
f ni(j_l)k._ ~ -- mi(j_l)k.~£ , if k is odd, 
nijk= 
mi(j_l)~, if k is even, 
mijk= { 
tijk, i f i+ j -n<~w(k)<~i - l (k¢ l  / f i= l ) ,  
o, i f  w(k) >>. i, 
nijk, if w(k )< i+ j -n ,  
n-1 2 j-I 
m l j l=q j -  Z Z mijk, 
i=2 k=l 
k=l ..... 2 j-I i=2 ..... n - l ,1  j= l  ..... n -1 .  
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We now compute the number of variables t~/k in formula (1). To do so, let a(n,i) 
be the number of tijk's with fixed i. 
Noticing that I{k: w(k)=t, l~<k~<2J-1}l = (gtl), we have 
n--1 
E 
j= l  
a(n,i)= I{k: i+ j -n<~w(k)<~i -1 ,  l~<k~<2J-1}] 
j= l  t=i+j--n t 
~ ( j - l ) ( : -2 )  = + 
j= l  t=i+j--n t 1 
i ( 
Z E j -1  j -1  -2  = + + 
j=l t=i+j-(n-l) t j=l i + j - n 1 
a(n - 1,i) + E + 
j=l n- i -1  1 
a (n -  1,i) + + =a(n-  1,i) + 
n- i  1 1 
(n l)(:-2) (i 
= + +. . -+  
i -1  1 i -  
~ - -  lo 
t=i i -  1 
Thus the total number of t/jk's in formula (1) is 
an=Ea(n , i )=  Z -1  =2n - 2n. 
i=2 i=2 
1 ) + a(i, i)
3. The reduced formula 
Theorem 2. Let R, S, pi, and qj be the same as & Theorem 1. Then 
I~(g ,s ) l  = 
O<~t.<~min{p,,qj} j= l  i=2 k=l  \ 
i+j-n<~w(k)<~i-2 
(2) 
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where 
nill = Pi, 
{ ni(j_l)~._ ~ -- mi(j_l)L_~! , if k is odd, 
nijk = mi ( j - l )~  ' if k is even, 
tijk, if i+j-n<~w(k)<~i-2, 
toO. k : 
nijk, if w(k )< i+ j -n ,  
k=l  ..... 2 j-1 and w(k)<.i- 2, i=2  ..... n - l ,  j= l  ..... n -2 ,  
x(j)= pl + \ 2 Z= mirk + = mirk --qr , 
w(k)=i--2 w(k)<~i--3 
n--1 2 j - I  
Y( J ) :q J - -Z  Z mqk, l<~j<~n--2, 
i=2 k=l 
w(k)~i-2 
n--2 n--I 
y(n-  1) :qn- I -  P2 -'t- Z Z 
r=l  i=2 
2r--I 2r--I / 
Zmir -Zmirk. 
k=l k=l 
w(k)=i-2 w(k)=i-3 
Proof. By Theorem 1 we have 
n--1 2 j - I  
i=1 k=l 
w(k)~i-1 
thus 
n--1 2 / - t  n--1 2 ~-t  
Z Z miyk :q J -Z  Z 
i=1 k=l i=2 k=l 
w(k)=i- 1 w(k) ~ i-2 
m~=y(j) ,  l~ j~n-2 .  
Compute by Lemma 1 
n--I 2 j - I  
Z Z 
i=1 k=l w(k)=i-I 
n/jk=(the terms of even k )+ (the terms of odd k) 
n-1 
=Z 
i=1 
21-1 
k=l 
w(k)=i-I 
n--1 2 j - I  n--1 2 j - I  
i=1 k=l i=1 k=l 
w(k)=i- 1 w(k)=i- 1 
l~ j~n-1 ,  
mi(j-1)~--~ 
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n 1 2 j-2 n 1 2 j -2  n 1 2 s-2 
---Z Z mi(j-1)k--E Z mi(j-1)k+E E ni(j-1)k 
i=1 k=l  i=1 k=l  i=1 k=l  
w(k)=i-2 w(k)=i- l w(k)=i- 1 
n--1 2 j -2  n--1 2 j -2  n--I 2 2-2 
=2Z E me(j-Ok + Z E mi(j-l)k-- q j - l+Z Z ni(j-1)k 
i=2 k=l  i=2 k=l  i=1 k=l  
w(k)=i-2 w(k) <~ i-3 w(k)=i- 1 
~1 / ~ 2r-. ~ ~1 2r--I ) ~j] 2k~:] 
= 2 k~l mirk + k~l mirk -- qr "q - ni l k 
r= l  / i=2 = i=2 = i=1 = 
w(k)=i-2 w(k) <~ i-3 w(k)=i- 1 
=Z E mirk+E E mirk-q +pl=x(j), 
r= l  \ i=2 k=l  i=2 k=l  
w(k)=i--2 w(k) <~ i-3 
Observing that 
mi(n-l)k =ni(n-1)k when w(k)=i 2 
and that 
mi(n- 1 )k = hi(n- 1 )k = 0 
we have 
n--I 2 "-2 
E Z 
i=1 k=l  
w( k )=i- I 
n-1 
when w( k ) <~ i - 3, 
n-I 2 n-2 
mi(n-1)k=qn-I - E E mi(n-1)k 
i=2 k=l  
w(k)~i-2 
2n--2 
=qn-l--Z E 
i=2 k=l  
w( k )=i- 2 
n--1 2 n-3 n--1 2 n-3 n--1 2 n-3 
=qn--l--Z E mi(n--2)kWZ Z mi(n--2)k--E Z 
i=2 k=l  i=2 k=l  i=2 k=l  
w(k)=i-3 w(k)=i-2 w(k)=i-2 
n--2 ~1 (2 r-I 2 r-. )~  2k~ ] 
=qn- l - '} - r~ 1 k~lmi rk - -  Emi rk  - nilk 
= i=2 = k=l i=2 = 
w(k)=i--2 w(k)=i--3 w(k)=i-2 
=qn-l-P2+~= i=2 ~ E 
w(k )=i- 2 w(k )=i- 3 
=y(n - 1). 
l~j~n-1,  
ni(n-2)k 
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Since x(n - 1), y(n - 1), x(j),  and y( j )  do not contain t~k with w(k)>~i -  1, we 
obtain by formula (1) and by Lemrna 2 that 
19"I(R' S)] = E ]-I 1"-[ nqk 
O<~tqk<~min{pi,qj} ~kj=l i=1 k=l  mijk 
w(k)<~i-I 
n-I 2 "-2 ( ) 
X I~ H ni(n-l)k 
i= l  k=l  \ mi(n-1) k
w(k)=i- 1 
(~ n--I 2 j-1 
= Z 17 11 
O<~tqk<xmin{p~,qi } ~j=l  i=l k=l 
\ w(k)<~i-1 
[ ~"~n--1 ~'-~2 n-2 II Z..~i=I ~..~k=l ni(n-l)k / ~(_k)=~- 
X / X ' 'n -  1 V--~2 - 
~ Z-,i=l L ,k=l  mi(n-l)k 
k w(k)=i- 1 
(x(n-- 1)) ~ /~ 
Z \y(n 1) ~i=2 O<~tqk <.min{pi,qi} j= l  
n--I 2 j-I ( ) 
×I/ II 
i=l k=l  \ mij k 
w( k )=i- 1 
< y(n-1) j=l \ O <~ tok 
2.., k=l nijk 
X w(k)=i-I 
2_,k=l muk 
w(k)=i-- 1
I m~ 
2J- I  
11 
k=l  
i+j-n<~w(k)<<.i-2 
t~ 
Z 
O <~ tijk <<. min { p~,qj }
i+j--n<<.w(k)<~i-2 
2J--I 
11 
k=l 
i+j-n<~w(k)<~i-2 
y(n 1) y(j),]D I~ nijk 
j= l  i=2 k=l tijk 
t~ 
This completes the proof of Theorem 2. [] 
To see the number bn of variables t/yk in formula (2), denote by b(n, i) the number 
of tijk's with fixed i. By a computation similar to that for a(n, i), we have 
n--2 
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It is immediate that 
bn= -1  -- -n : -~ ,  
i=2 -- 1 
which is just a half of a,. 
Note that formulas (1) and (2) are independent of m. Thus when m>>n, these 
formulas are of great advantage in computation. 
In what follows, we replace 92(R,S) by 92,(R,S), where n is the number of com- 
ponents of the integral vector S. For n = 2, 3, 4, we can easily get 
\y (1 )  ql ' 
[~3(R,S)[ = 
min{p2,qt) 
t2n/>0 
n l, 
min{p2,ql } ( 
t~>O q2 - p2 + t ql - t 
and 
1~4(R,S)I = Z 
/211 ~0 
t221 >/0 
g311 ~0 
t322 >/0 
X(3) n3n y 3))(x(2)~(x(1)~(n211 (n221 ~ (n322 
\y(2)]ky(1) , ]kt211)  ) (  ) \ t221 t3n ] \ t322 
= ( lqlq2+2i+ +2t+ 3) 
i,j,k,t>~O q3 -- P2 + i + j + t -- P3 
× ( p l -q l+2 i+k  ) 
q2 - j -  t -  P3 + k 
x (ql_Pl k ) (P2) (p2? i ) (P ; ) ( : ) ,  
where  m321 =n321 =n311 - t311  = P3 -k  in computing x(3), y(3) and y(2). 
We consider, as an example, the case in which 
R=(3,2,2,2,2,2,1,1,1)  and S=(4,5,7) .  
It is readily seen that 
Pl = 3, P2 = 5, P3 = 1, ql =4  -- 1 = 3, q2 = 5 -- I = 4, 
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and that 
3( 2t )(3)(:)  
[~3(R,S) I = ~ = 0 + 15 + 120 + 150 = 285. 
t~>o -1  + t 3 - t 
A much simpler formula is easy to obtain for the case where R = (2 . . . .  ,2 )  by setting 
t2jl = tj and n2jl -~ nj 
19A"(R'S)I-- ~ \ y (n- -  1) y( j )  tj ' 
tj=0 j=l 
j=  1,...,n--2 
where 
j - I  
nj= p2 - ~ tr, l <~j<~n- 2, 
r=l  
j--1 j - - I  
x( j ) - - -2~tr -~qr ,  l~<j~<n-  1, 
r=l  r=l  
y( j )=q j  - tj, l~<j~<n-2 ,  
~--2 
y(n -1)=qn_ l -  P2+ ~ tr. 
r=l 
Formulas (2) and (3) are superior to formula (1) in computation as Table 1 illustrates. 
The computations were done by a 486DX-66 computer in a Fortran program. 92n(i,i) 
stands for the class of all n × n (0, 1)-matrices with each row sum and each column 
sum equal to i. 
All the following computations can be finished in two seconds by formula (3): 
19~3(2,2)1 = 6,
19.I4(2,2)1 ~ 90, 
[~5(2, 2)1 ~- 2040, 
19.I6(2, 2) I = 67 950, 
Table 1 
Computing time of 9~n(i , ) 
Formula (1) Formula (2) Formula (3) 
19.I6(2, 2)1 = 67 950 29" 0.08" 0.002" 
[9.I7(2, 2)[ = 3 110 940 4 h 47' 0.24" 0.006" 
19.I6 ( 3,3)1 = 297 200 Days 1" 
19.I7(3, 3 )1 = 68 938 800 Years 3t40 ' '  
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[~7(2,2)] -- 3 110940, 
[~s(2, 2)1 = 187 530 840, 
1~9(2,2)1 = 14398 171200, 
[9.I~o(2,2)[ = 1 371 785 398200, 
[9.I~1(2,2)[ = 158 815 387 962 000, 
[o..112(2, )[ = 21 959 547 410 077 200. 
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